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@ Dirk-Hartmann First minimal version including exer

Algorithms for Real-time Digital Twins

A curated collection of compact, educational
methods for real-time digital twins. The collection forms the core of my lecture on Algorithms for Real-time Digital
Twins. It focuses on dynamical systems, including ordinary and partial differential equations, as well as model order
reduction and data-driven discovery modeling. The algorithms are demonstrated through a set of simplified examples.
All examples are self-contained, minimal, and designed for classroom use. The emphasis is on simplicity rather than

in the Julia Programming Language

or for example, simple first- or second-order time-stepping schemes are used.

B

PCB transient thermal simulation

The collection is inspired by the famous 99-line [2) and 88-line [3] topology optimization papers, as well as the
Numerical Recipes sefies [1). Many examples are also inspired by [4, 5

v YWk 0 «  frsm3 o

About @

A curated collection of compact,
educational algorithms in Julia
illustrating core numerical algorithms
for real-time digital twins. The
collection is inspired by the famous
*99-line” and "88-line" topology
optimization papers as well s the
“Numerical Recipes” series. All
examples are self-contained, minimal,
and designed for classroom use.

Contributors 1
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CAXx: Computer Aided Design, Engineering, & Manufacturing
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Electronics is evolving delivering more than Moore’s law.

A
o 3D Architectures
1(;% Chiplets /\
§ Superconducting

Neuromorphic Computing
Quantum Computing

Multi-core
(TPU, GPU)

—— Compute Hardware Capability

Acceleration of Clock-speed

e

1980 2000 2020 Time

Source: John Shalf (2020): The future of computing beyond Moore’s Law, Philosophical Transactions of the Royal Society A
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Algorithms are boosting predictive capabilities on top.
A Probabilistic
Methods
Exponential
GPU-Accelerated Algorithm

Multigrid Methods Boost

—— Compute Hardware Capability

—— Simulation Algorithms
GMRES

Source: U Riide, K Willcox, L Curfman Mcinnes, H De Sterck (2018): Research and Education in Computational Science and Engineering, SIAM Review
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From human computers to autonomous computational engineers é{c%J

Courtesy to Siemens AG

"Hi Simcenter" - Amesim Demo

System Modeling and Simulation in Amesim

SIEMENS



https://blogs.sw.siemens.com/art-of-the-possible/2023/07/19/the-potential-impact-of-llms-on-cae/
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Courtesy to Siemens AG

| made it a lot lighter,

Source: Siemens unveils breakthrough innovations in industrial Al and digital twin technologies at CES 2025, YouTube
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Digital Twin — A new age of computational paradigms

Virtual
CAXx Prototyping
Model Sunrise

Pioneers

o ([
~1985 ~2000
* Scientific tool « Computer-Aided  Collaborative * Model-based
Tools in R&D Model-based Operations and
Engineering Service

CAx: Computer Aided Design, Engineering, & Manufacturing
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https://youtu.be/ObGhB9CCHP8
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In a nutshell
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comprehensive set of digital models
accepted as full substitutes for reality to
understand, predict, and optimize the
physical counterpart’s performance
characteristics for specific purposes. The
bidirectional interaction between the digital
and the real is central to the digital twin.
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The Digital Twin
A Zoo of Models and Information

Digital
World
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Multiphysics Simulation Control Models Ergonomic Simulation
Prescriptive Digital Twin
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Machine Learning for Digital Models
Dynamical System Identification (“Learning Dynamics from Observations”)

(external, control) Motion
State \ Actuation
dt X = f (x t u) Mechanics
Dynamics Time
System of Differential Equations .
Fluid
Dynamics
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Major categories of

Digital Twins for Operation and Service

Category

Use this application when you want to...
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Examples

Virtual Testing &
Commissioning

... prepare for how your asset or system would
interact with other assets, systems, or people.

+ Testing of automation by virtual commissioning
+ Testing new control strategies on gas turbines
+ Operator training

Virtual Sensing

...measure something in your asset or system,
but it isn’t feasible to put a sensor there.

« Temperature inside electric rotor
» Pressure distribution inside a gas turbine
» Free-flow inside a sewage network

Diagnosis &
Identification

...know why your asset or system is behaving
the way it is.

« Unbalance detection of large rotors
« Leakage detection in a water distribution network
+ Predictive maintenance for machine tools

Performance
Prediction

...know how your asset or system might
behave in future operation.

« Remaining useful lifetime of electric motors
* Monitoring of coking in steam cracking furnaces
* Movement of people in emergencies

Performance
Optimization

...Inform actions on how to control the asset or
system (with or without a Human-in-the-Loop).

* Model predictive control of a chemical reactor
« Pump schedule optimization of oil pipelines
« Operating point setting of catalyst modules

Source: D. Hartmann (2021): Real-time Digital Twins.

14 September 2026
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Virtual Sensing — Thermal Management of Electric Motors
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Courtesy to Siemens AG
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Performance Optimization — Improving Accuracy Robotic Milling

Courtesy to Siemens AG
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Performance Optimization — Improving Accuracy Robotic Milling
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Courtesy to Siemens AG
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Tools in R&D Model-based Operations and * Realtime++
Engineering Service Predictions

CAx: Computer Aided Design, Engineering, & Manufacturing
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“Despite [...] examples of digital twins providing
practical impact and value [...]
publicity around digital twins [...] currently

Research Gaps and

outweighs the evidence base of success.” Rt

Source: National Academies (2024): Foundational Research Gaps and Future Directions for Digital Twins.
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The “first” math paper quoted in an Industry Analyst paper.

THE DIGITAL TWIN IN
INDUSTRY AND
INFRASTRUCTURE

ARC Strategies
March 2023

By Valentijn de Leeuw and Dick Slansky

ARC)

Advisory 'Group VISION, EXPERIENCE, ANSWERS FOR INDUSTRY

gies « March 2023

A practice of continuous maching learning and deployment is emerging (some-

times referred to as “MLOPS"), in which operational data are regularly
in batches cont sufficient to derive model pa-

rameters. These (re-Jadjusted models can then be deployed to the

ar cluster running the real-time application, with minimal impactgs#pera-

tions. This strategy considerably reduces traffic from edge tpe#id

and can be a significant cost saving:

. l 5
in containers or container clusters is a realistic approach.

Separation of data and software is also called loose coupling. Both micro-
service architectures and loose coupling improve extensibility, scalability,
and maintenance efficiency. Extensions can be made by adding additional
frware using the existing data or adding new data sources as
inputtoa singlesoftuware applicatin. Maintenarce can be vy focused ona
‘particular service Software can b
somality oy adding microservices without impa
be scaled by

in parallel.

A softwoare agent has no knowladge of other modules, is loosely coupled and.
acts autonomously on its envirorment, based on data from a broker it has
subscribed to. It may execute a specific action on that data, for example stor-
ing them in a data base. Softwaze agents can adequately work with events
that canmot be pl well, as may occur in

1CIAM 2019 SEMA SIMAI Springer Series 5

Digical Twins 13

Manuel Cruz
Carlos Parés
Peregrina Quintela £ds.

Progressin
Industrial

Mathematics: ‘ —
Success Stories

technologies [28] the concept can be built directly on top of engincering models

- 5 = . allowing to achieve the benefits with only little additional efforts. Mathematics
The Industry and the Academia enables quasi thermal X-rays for electrical motors allowing to monitor temperature
Points of View distributions in real time (Fig. 6).""

5 The Next Wave—Executable Digital Twins

| Springer Albeit the previous section has shown four great examples of Digital Twins, a major
limiting factor today is the manual work required to realize a Digital Twin. ic.
transfer of the corresponding models between different domains or life cycle phases.
Most applications require to provide the models in the right execution environments
with the right online capability in particular during the operations phase.

We therefore introduce the concep of an Executable Digital Twin, which will be

from our point of view a key aspect in any future Digital Twin driven application.

/‘ Definition (Executable Digital Twim) An Tecuiable il Twin s 2 specinc \
As such

encapsulated realization of a Digital Twin with its execution engines.
they enable the reuse of umnlallm models outside R&D. In oder to do so. the

9irtual X-ray tps:fyctu. ety kjy KbHRM.
" ypically models today buted separsely from their execution/simulation twols.

Definition (Executable Digital Twin) An Executable Digital Twin is a specific
encapsulated realization of a Digital Twin with its execution engines.11 As such
they enable the reuse of simulation models outside R&D. In order to do so, the
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DARMSTADT

Sources: V. De Leeuw, D. Slansky (2023): The Digital Twin in Industry and Infrastructure, ARC Advisory Group Industry Report

D. Hartmann, H. van der Auweraer (2020); Digital Twins, Progress in Industrial Mathematics: Success Stories
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How to achieve Real-time simulation? o/
292
Core Concepts

N Choose optimal algorithms and fully exploit hardware

— highly efficient simple (matrix-free) discretization
— Optimal Geometric multi-grid method
— Exploit massively parallel hardware

» Highly efficient and generalizable finite element solver

Choose an optimal representation

— Optimal basis function leads with limited number of variables
(Model Order Reduction)

— Requires, split in an offline and online phase to compute
appropriate basis function

» Highly efficient solver, but limited to a specific application

Real-Time Algorithms for Digital Twins | Prof. Dirk Hartmann 26
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Core Concepts
?
S
e Predictions based on physics
equations; fully generalizable
High-end
CFD > Product
simulation 2 configurator
Y
)
@)
O
<C
Design
integrated
simulations

Online predictions based on offline data generation /
preparation; limited generalization capability

low
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Real-Time Algorithms for Digital Twins

Exercise Examples

Tatt=0.0s (c=-045h=1.17)

B
I

Tatt=0.0s

14 September 2026

“Electronics Cooling”

0; T = AT + c(t)q(x)
Linear PDE
Transient cooling and heating
Geometry via pictures
The poster-child for ROM

“‘Selective Laster Melting”

Linear PDE
Heating via a moving heat source

— The nightmare for ROM

Real-Time Algorithms for Digital Twins | Prof. Dirk Hartmann
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Exercise Examples

Lorenz attractor, t = 0.0

Lorenz System

0;x =o(y —x)
diy=x(p—2)—y
0;z = xy — fz
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   d  d t   𝒙 = f    (  𝒙 ,   t ,   𝒖 )


   𝜕 t T = Δ T + c ( t ) q ( x )


   𝜕 t T = Δ T + q ( x , t )


   𝜕 t x = 𝜎  (  y − x )


   𝜕 t y = x  (  𝜌 − z ) − y


   𝜕 t z = x y − 𝛽 z

